We consider smooth representations of the unit group G = A × of a finite-dimensional split basic algebra A over a non-Archimedean local field.
where k 1 , . . . , k n are finite field extensions of k; we refer to D = k 1 e 1 ⊕ · · · ⊕ k n e n as the diagonal subalgebra of A. In the case where k i = k for all 1 ≤ i ≤ n, we refer to A as a split basic k-algebra (in the terminology of [15] , A is referred to as a DNalgebra over k). The following easy observation is crucial for inductive arguments; a proof in the case where k is a finite field can be found in [15, Lemmas 2.2 and 2.3]. Lemma 1. Let A be a finite-dimensional split basic k-algebra. Then, every subalgebra of A is also a split basic k-algebra.
Proof. Let B be a subalgebra of A, and let J (B) denote the Jacobson radical of B. Since J (B) = B ∩ J (A), it is clear that B is a basic k-algebra; moreover, the k-algebra B/J (B) is naturally isomorphic to the subalgebra B + J (A) /J (A) of the semisimple k-algebra A/J (A). Therefore, without loss of generality, we may assume that A is a split basic semisimple k-algebra. Since B is a basic semisimple k-algebra, there are nonzero orthogonal idempotents e ′ 1 , . . . , e ′ m ∈ B such that B = k 1 e ′ 1 ⊕· · ·⊕k n e ′ m where k 1 , . . . , k n are finite field extensions of k. On the other hand, let e 1 , . . . , e n ∈ A be nonzero orthogonal idempotents such that A = ke 1 ⊕· · ·⊕ke n .
It is straightforward to check that there exists a subset partition I 1 , . . . , I m of {1, . . . , n} such that e ′ j = i∈Ij e i , and thus e j e ′ i = e i for all i ∈ I j and all 1 ≤ j ≤ m. It follows that k j e ′ j e i = k j e i ⊆ Ae i = ke i for all i ∈ I j and all 1 ≤ j ≤ m, which clearly implies that k j = k for all 1 ≤ j ≤ m.
In the following result we list some elementary properties which will be used repeatedly throughout the paper; for a detailed proof (which does not depend on the finiteness of the field k) we refer to [9, Lemma 2.1]. Lemma 2. Let A be a finite-dimensional split basic k-algebra, let D be the diagonal subalgebra of A, and let e 1 , . . . , e n ∈ A be nonzero orthogonal idempotents such that D = ke 1 ⊕ · · · ⊕ ke n . The following properties hold.
(i) If V is an (arbitrary) D-bimodule, then V decomposes as a direct sum of the (non-zero) homogeneous sub-bimodules e i Ve j for 1 ≤ i, j ≤ n.
(ii) For every sub-bimodule V 1 of a D-bimodule V, there exists a sub-bimodule
(iii) Every D-bimodule decomposes as a direct sum of one-dimensional subbimodules. (iv) If V is a one-dimensional D-bimodule and v ∈ V is such that V = kv, then there exist uniquely determined 1 ≤ i, j ≤ n such that v = e i ve j .
Let G = A × denote the unit group of a split basic k-algebra A. For any (nilpotent) subalgebra U of J (A), the set 1 + U is a subgroup of G to which we refer as an algebra subgroup of G (as defined in [10] ); similarly, if I ⊆ J (A) is an ideal of A, we refer to 1 + I as an ideal subgroup of G. In the particular case where I = J (A), it is clear that P = 1 + J (A) is a normal subgroup of G; furthermore, G is the semidirect product G = T P where T ≤ G is isomorphic to the unit group of A/J (A). Since A is a split basic k-algebra, T is isomorphic to a direct product k × × · · · × k × of n = dim A/J (A) copies of the multiplicative group k × of k. In fact, T = D × is the unit group of the diagonal subalgebra D of A; we will refer to T as the diagonal subgroup of G. Example 1. Let M n (k) denote the k-algebra consisting of all n × n matrices with entries in k, and let A = B n (k) denote the Borel subalgebra of M n (k) consisting of all upper-triangular matrices; hence, G = A × is the standard Borel subgroup B n (k) of the general linear group GL n (k) (consisting of all invertible matrices in M n (k)). In this case, T ≤ G is the standard torus consisting of all diagonal matrices, and P = 1 + J (A) is the standard unitriangular group; we note that J (A) is the nilpotent ideal of A consisting of all upper-triangular matrices with zeroes on the main diagonal. In this case, for each 1 ≤ i ≤ n, the idempotent e i ∈ A can be chosen to be the elementary matrices e i = e i,i having a unique non-zero entry (equal to 1) in the position (i, i), and thus D = ke 1 ⊕ · · · ⊕ ke n is the subalgebra of A consisting of all diagonal matrices.
The topology of k induces naturally a topology in G = A × with respect to which G becomes a locally compact totally disconnected topological group (that is, a topological group such that every open neighbourhood of the identity contains a compact open subgroup); for simplicity, we follow the terminology of [2] and refer to such a group as an ℓ-group. (For the definition and main properties of ℓ-groups, we refer mainly to [3, Chapter I].) We notice that G is second countable. On the other hand, any algebra subgroup Q of G is an ℓ c -group (see [2] ) which means that Q is the filtered union of its compact open subgroups; in other words, every element of Q is contained in a compact open subgroup, and any two such subgroups are contained in a third such subgroup.
We recall that a (complex) representation of G is a pair (π, V ) consisting of a complex vector space V (not necessarily of finite dimension) and group homomorphism π : G → GL(V ) where GL(V ) denotes the group consisting of all linear automorphisms of V ; for simplicity, we will refer to V as a (left) G-module with (linear) G-action defined by gv = π(g)v for all g ∈ G and all
is an open subgroup of G; in the particular case where the vector space V is onedimensional, we naturally obtain a group homomorphism ϑ : G → C × with open kernel. We will refer to such a homomorphism as a smooth character of G, and denote by G • the set consisting of all smooth characters of G. A smooth character ϑ ∈ G • can be naturally viewed as a smooth representation of G; indeed, an arbitrary one-dimensional G-module is smooth if and only if it affords a smooth character of G. Throughout the paper, for every smooth character ϑ ∈ G • , we will denote by C ϑ the one-dimensional smooth G-module whose underlying vector space is C and where the (linear) G-action is given by gα = ϑ(g)α for all g ∈ G and all α ∈ C.
It is well-known that G • is a group with respect to the usual multiplication of characters; it should not be confused with the Pontryagin dual of G which consists of all unitary characters ϑ : G → C × of G. By definition, a unitary character of G is a continuous group homomorphism ϑ : G → C × whose image ϑ(G) lies inside the unit circle S 1 in C. We observe that every unitary character of G is a smooth character, but the converse is not necessarily true; however, for an arbitrary ℓ c -group Q, it is well-known that Q • equals the Pontryagin dual of Q (see [3, Proposition 1.6 ]; see also [2, Lemma 4.9] ).
A morphism between smooth G-modules is defined as a morphism of abstract G-modules; we refer to such a morphism as a homomorphism of G-modules (or simply a G-homomorphism), and denote by Hom G (V, V ′ ) the (complex) vector space consisting of all homomorphisms between G-modules V to V ′ . We say that two smooth representations (π, V ) and (π ′ , V ′ ) of G are equivalent if there is an isomorphism ϕ ∈ Hom G (V, V ′ ) (that is, a linear isomorphism which commutes with the G-actions); if this is the case, then the smooth G-modules V and V ′ are said to be isomorphic, and we write V ∼ = V ′ . A smooth G-module V is said to be irreducible if V = {0} and {0} and V are the only G-invariant subspaces of V . Since G is an ℓ-group (hence, G is second countable), there is a natural linear isomorphism Hom G (V, V ) ∼ = C for every irreducible smooth G-module V ; the proof of this version of Schur's Lemma is due to H. Jacquet [11] (it can be found in [3, pg. 21 ]; see also [4] ). As a consequence, we deduce that, if G is abelian, then every irreducible smooth G-module is one-dimensional (and hence affords a smooth character of G).
If H is a subgroup of G and V is a G-module, we denote by V H the vector A major diference between ℓ-groups and ℓ c -groups (hence, in particular, between G = A × and its algebra subgroups) concerns with admissibility and unitarisability of smooth modules. Indeed, [2, Theorem 1.3] asserts that, if P is an algebra group over a non-Archimedean local field k, then every smooth irreducible P -module is admissible and unitarisable; in general, by an algebra group over an arbitrary field k we mean a group of the form 1 + J where J is a finite-dimensional nilpotent k-algebra (with product formally defined by (1 + a)(1 + b) = 1 + a + b + ab for all a, b ∈ J ). In particular, the unitarisability of a smooth character ϑ ∈ P • is equivalent to the statement that the image ϑ(P ) lies inside the unit circle S 1 in C (by [3, Proposition 1.6]). However, the absolute value | · | of a non-Archimedean local field k defines a smooth homomorphism | · | : k × → C × whose image does not lie inside S 1 .
The main goal of this paper is to study smooth modules for the unit group G = A × of an arbitrary finite-dimensional split basic k-algebra A; in particular, we aim to establish that every irreducible smooth G-module may be obtained by induction (with compact supports) from a one-dimensional smooth module for the unit group H = B × of some subalgebra B of A.
Let G be an arbitrary ℓ-group, and let H be a closed subgroup of G; hence, H is also an ℓ-group. Let W be an arbitrary smooth H-module, and define Ind G H (W ) to be the (complex) vector space consisting of all functions φ : G → W which satisfy the following two conditions:
(i) φ(hg) = hφ(g) for all h ∈ H and all g ∈ G;
(ii) there is an compact open subgroup K of G such that φ(gk) = φ(g) for all g ∈ G and all k ∈ K.
We define a (linear) G-action on Ind G H (W ) by the rule
then, Ind G H (W ) becomes a smooth G-module, to which we refer as the smooth Gmodule smoothly induced by W . If ρ : H → GL(W ) is the smooth representation of H which is canonically determined by the smooth H-module W , then we will denote by Ind G H (ρ) the smooth representation of G which is canonically determined by the smooth G-module Ind G H (W ). In particular, for every smooth character ϑ ∈ H • , we obtain a smooth representation Ind G H (ϑ) of G on the vector space Ind G H (C ϑ ) consisting of all complex-valued functions φ : G → C which satisfy the two conditions as above; notice that condition (i) reads as φ(hg) = ϑ(h)φ(g) for all h ∈ H and all g ∈ G.
On the other hand, we define c-Ind G H (W ) to be the vector subspace of Ind G H (W ) consisting of all functions φ : G → W which are compactly supported modulo H, which means that supp(φ) ⊆ HC for some compact subset C ⊆ G; as usual, supp(φ) denotes the support of φ. It is clear that c-Ind G H (W ) is a G-invariant vector subspace of Ind G H (W ), and thus c-Ind G H (W ) becomes a smooth G-module to which we refer as the smooth G-module compactly induced (or simply c-induced ) by W . As in the case of smooth induction, if ρ : H → GL(W ) is the smooth representation of H which is canonically determined by the smooth H-module W , then we will denote by c-Ind G H (ρ) the smooth representation of G which is canonically determined by the smooth G-module c-Ind G H (W ). In the general situation, it is obvious that c-Ind G H (W ) = Ind G H (W ) whenever the coset space H\G is compact; however, the canonical inclusion map c-Ind G H (W ) ֒→ Ind G H (W ) may be an isomorphism even when H\G is not compact (this may occur, for example, in the case where G is an algebra group and H is an algebra subgroup of G; see [2, Theorem 1.3]) .
The main goal of this paper is to prove the following result. We should mention that the analogous result has been proved by Z. Halasi in the case where k is a finite field (see [9, Theorem 1.3]), and this result extends a previous result (see [8, Theorem 1.2] ) for arbitrary algebra groups over finite fields. More generally, E. Gutkin in [7] claimed that every unitary irreducible representation of an algebra group over a locally compact self-dual field is induced (in the sense of unitary representations) by a unitary character of some algebra subgroup; this statement obviously includes the case of an algebra group over a finite field, and the proof of it was shown to be defective by I.M. Isaacs in [10,
Section 10]. However, the theorem by Z. Halasi has been successfully generalised to the general situation by M. Boyarchenko in the paper [2] ; in particular, [2, Theorem 1.3]) asserts that every irreducible smooth representation of an algebra group over any non-Archimedean local field k is admissible and unitarisable. In general, this is not true for the unit group of an arbitrary split basic k-algebra.
By the way of example, the multiplicative group k × of a non-Archimedean local field has smooth characters which are not unitarisable; as we mentioned above, the absolute value of k defines a smooth character of k × whose image does not lie in the unit circle S 1 . On the other hand, the following example shows that there are irreducible smooth representations which are not admissible.
Example 2. Let k be an arbitrary non-Archimedean local field, and let
consisting of all diagonal matrices and P ∼ = k + is the abelian normal subgroup of G consisting of all unipotent matrices.
We consider the conjugation action of G on P • : for every g ∈ G and every
It is clear that there are exactly two G-orbits on P • , namely: the singleton {1 P } consisting of the trivial character of P , and its complement P • \ {1 P }. Both these G-orbits are locally closed, and thus by [14, Corollaire 2 au Théorème 3] there are two distinct families of irreducible smooth G-modules each one corresponding to one of these two G-orbits. On the one hand, one has the family consisting of one-dimensional Gmodules corresponding to the smooth characters ϑ ∈ G • which satisfy P ⊆ ker(ϑ); indeed, P lies is the kernel of every smooth character of G.
On the other hand, there is a family corresponding to a fixed non-trivial smooth
is irreducible (and clearly of dimension ≥ 2); moreover, the mapping τ → c-Ind G G ϑ (C τ ) defines a one-to-one correspondence between smooth characters of G ϑ satisfying τ P = ϑ and irreducible smooth G-modules with dimension ≥ 2. Now, let O denote the ring of algebraic integers of k, let
where O × denote the unit group of O, and consider the subgroup
be an arbitrary smooth character of G ϑ satisfying τ P = ϑ, and consider the c-
is an open subgroup of G, it follows from [3, Lemma 2.5] that V 0 is naturally 1 Throughout the paper, whenever a group G acts on a set Ω, we denote by Gω the centraliser
embedded as a vector subspace of V and that we have a direct sum decomposition
has infinite dimension. Therefore, the smooth G-module V is not admissible, and hence it follows from Rodier's theorem that an irreducible smooth G-module is admissible if and only if it is one-dimensional.
The proof of Theorem 1 relies on a refinement of the general techniques used by M. Boyarchenko in the paper [2] .
Notation. Henceforth, we fix the following notation which we will use repeatedly, without always recalling their meaning.
• k is a non-Archimedean local field.
• A is a finite-dimensional split basic k-algebra. • G = G(A) is the unit group of A.
• J = J (A) is the Jacobson radical of A, and P = 1 + J ; • D is the diagonal subalgebra of A, and T = D × is the diagonal subgroup of G.
We recall that G is a second countable ℓ-group, and that P is a normal ℓ csubgroup of G; moreover, G is the semidirect product G = T P . We also recall that by an algebra subgroup of G we mean a subgroup of G of the form
Let Q be an arbitrary algebra subgroup of G (hence, Q is a subgroup of P ), and let W be an arbitrary smooth Q-module. For every smooth character ϑ ∈ Q • , we denote by W (ϑ) the vector subspace of W linearly spanned by vectors xw − ϑ(x)w for x ∈ Q and w ∈ W , and consider the quotient W ϑ = W/W (ϑ); notice that W ϑ is the largest quotient of W where Q acts via the character ϑ. We define the spectral support of W to be the subset
If V is an arbitrary smooth G-module, then V is also a smooth Q-module, and thus we may define the quotient V ϑ = V /V (ϑ) as above; in this case, we refer to Spec Q (V ) as the spectral support of V with respect to Q. In the case where Q is an ideal subgroup of G, then Q is a normal subgroup, and hence G acts by conjugation on Q • : for every g ∈ G and every ϑ ∈ Q • , we define
In this situation, the following auxiliary result will be important for us; for any subgroup H of G, we will denote by [H, H] the closure of the commutator subgroup [H, H] of H. Proof. For the first assertion, it is enough to observe that V (ϑ g ) = gV (ϑ) for all ϑ ∈ Q • and all g ∈ G. For the second assertion, we start by observing that
As a consequence of [14, Corollaire 1 au Théorème 3], we conclude that Spec Q (V ) = ϑ G whenever Q be an ideal subgroup of G and V is an irreducible smooth G-module such that Spec Q (V ) = ∅; indeed, we have the following result.
Lemma 4. Let Q be an ideal subgroup of G, and let ϑ ∈ Q • . Then, the G-orbit ϑ G = {ϑ g : g ∈ G} is a locally closed subset of Q • .
Proof. Since G is a second countable locally compact group, it is σ-compact (that is, a union of countably many compact subspaces), and thus ϑ G is naturally homeomorphic to the quotient space G/G ϑ (see [6, Proposition 2.44] ). Since G/G ϑ is a locally compact space, we conclude that ϑ G is also locally compact, and thus it is open in its closure ϑ G in Q • .
Proof. We consider the closure [Q, Q] of the commutator subgroup of Q and the
moreover, Lemma 4 clearly implies that every G-orbit is a locally closed subset of Q
Our next aim is to prove that, for every irreducible smooth G-module V , there exists an ideal subgroup Q of G (depending on V ) such that Spec Q (V ) = ∅; the existence of the ideal subgroup Q will be established using a slightly modified key construction due to M. Boyarchenko (see [2, Section 5.2] ). We start by proving the following auxiliary result. Lemma 6. Let V be an irreducible smooth G-module, and let Q be an arbitrary algebra subgroup of G. Then, the smooth Q-module Res G Q (V ) has an irreducible quotient.
Proof. Since Q is an ℓ c -group, every irreducible smooth Q-module is admissible (by [ 
, and thus V ϑ = 0 (because W (ϑ) = {0}, and hence W ∼ = W ϑ ). Therefore, we must have V (ϑ) = {0}, and thus
It follows that the restriction Res
Since T is an abelian ℓ-group, Schur's lemma implies that V is onedimensional, and this completes the proof.
In the following, we let V be an irreducible smooth G-module, and assume that dim V ≥ 2. Let W be an irreducible quotient of Res G P (V ). On the one hand, suppose that W is one-dimensional, and let ϑ ∈ P • be the character afforded by W . Since dim V ≥ 2, we have G ϑ = G (by the previous lemma); moreover, by
As in the proof of Lemma 7, we conclude that V ϑ is one-dimensional; notice that W ϑ is a one-dimensional irreducible quotient of Res G ϑ P (V ϑ ). Therefore, Theorem 1 holds in this situation once we prove that G ϑ is the unit group of some subalgebra of A;
we observe that G ϑ is the semidirect product G ϑ = T ϑ P . 
As we mentioned above, this completes the proof of the following particular case of Theorem 1.
Proposition 2. Let V be an irreducible smooth G-module, and let W be an irreducible quotient of Res G P (V ). Suppose that W is one-dimensional, and let ϑ ∈ P • be the character afforded by W . Then, G ϑ is the unit group of some subalgebra of
Proof. We have already proved that the smooth G ϑ -module V ϑ is one-dimensional and that V = c-Ind G G ϑ (V ϑ ). If D is the diagonal subalgebra of A and T = D × , then the previous proposition assures that T ϑ is the unit group of some subalgebra D ϑ of D. Since G ϑ = T ϑ P and since J (A) is an ideal of A, it follows that
is a subalgebra of A and that G ϑ = (A ϑ ) × is the unit group of A ϑ .
For the proof of Theorem 1 will be proceed by induction on dim A. By the results above, the inductive step depends on the existence of an ideal subgroup Q of G such that Spec Q (V ) = ∅ where V is an arbitrary irreducible smooth G-module; moreover, we are reduced to the case where dim W ≥ 2 for every irreducible quotient W of
In what follows, we fix the following notation which we will use repeatedly in the subsequent results (without always recalling their meaning). Let n ≥ 2 be an integer such that J n = {0}, and write N = 1 + J n . Since J n ⊆ J n−1 are ideals of A, it follows from Lemma 2 that there exists an ideal L of A such that J n ⊆ L ⊆ J n−1 and dim L = dim J n + 1. We fix such an ideal, and set Q = 1 + L. Then, J ς is a subalgebra of J satisfying J 2 ⊆ J ς and dim J ς ≥ dim J − 1. Furthermore, if we define the map ϕ ς : P → Q • by the rule Proof. We first observe that the map ϕ ς is a well-defined group homomorphism. for all u ∈ J n−1 . Since ς is P -invariant (and [1 + J , 1 + J n ] = [P, N ]), we conclude that
for all u ∈ J n−1 , and this clearly implies that αu ∈ J ς for all α ∈ k and all u ∈ J ς .
On the other hand, [ 
Finally, notice that N ⊥ ∼ = (Q/N ) • and that
Therefore, since P/ ker(ϕ ς ) ∼ = ϕ ς (P ) ⊆ N ⊥ , we conclude that dim J − dim J ς ≤ 1, and this completes the proof.
The following result is essentially a particular case of [9, Lemma 3.4]; for convenience of the reader, we include a proof which avoids the finiteness of the base field k. Proof. The result is obvious in the case where J ς = J ; hence, we assume that J ς = J , so that dim J ς = dim J − 1 (by the previous lemma). The result is also clearly true in the case where I ⊆ J ς ; thus, we may assume that J ς + I = J , which implies that dim I ς = dim I − 1. We now proceed by induction on dim I, the result being obvious if dim I = dim J 2 + 1; indeed, since J 2 ⊆ I ∩ J ς ⊆ I, either I ∩ J ς = J 2 , or I ∩ J ς = I. Therefore, we may assume that dim I ≥ dim J 2 + 2, and that the result is true whenever I ′ is a ideal of A with J 2 ⊆ I ′ ⊆ J and dim I ′ < dim I.
Let I ′ ς be the unique ideal of A which is maximal with respect to the condition I ′ ς ⊆ I ς ; hence, we must prove that
By the way of contradiction, we assume that V ς = {0}; notice that V ς = V (otherwise, I ς = I).
Since Q a T -invariant subgroup of G (because it is an ideal subgroup of G), we deduce that
On 
Therefore, the vector subspaces V and V ς of I satisfy the assumptions of [9, Lemma 2.2] (we note that the proof of this result holds for an arbitrary field).
In particular, if e 1 , . . . , e n ∈ D are non-zero orthogonal idempotents such that D = ke 1 ⊕ · · · ⊕ ke n , then dim e r V ≤ 1 and dim Ve r ≤ 1 for every 1 ≤ r ≤ n. Next, we consider the ideal subgroup Q = 1 + L of G, and the group homomorphism ϕ ς : P → Q • (as defined in the previous lemma); we recall that ker(ϕ ς ) = 1 + J ς . Since L is an ideal of A with dim L = dim J n + 1, we have L = J n ⊕ ku where u = e i ue j for some 1 ≤ i, j ≤ n; hence Q = (1 + ku)N .
Firstly, suppose that e j V = Ve i = {0}, and let v ∈ V be arbitrary. Then, uv = ue j v = 0 and vu = ve i u = 0, and so [1 + v, 1 + αu] = 1 for all α ∈ k. It follows that 1 + v ∈ ker(ϕ ς ) = 1 + J ς , and thus V ⊆ J ς . Therefore, in this case, we have V ⊆ I ∩ J ς = I ς , and hence I = I ′ ς + V ⊆ I ς which implies that I ς = I is an ideal of A. Now, suppose that e j V = {0}, and let v ∈ V be such that e j V = kv; since V has a k-basis consisting of vectors w ∈ V satisfying Dw = wD = kw, it is clear that v = ve k for some 1 ≤ k ≤ n (see Lemma 2) . Then, V = V ′ ⊕ kv for some sub-bimodule V ′ of V; in particular, we have e j V ′ = V ′ e k = {0}. On the one hand, suppose that V ′ e i = {0}. Then, the argument above shows that V ′ ⊆ I ς , and so
, and thus V = kv. By the definition of V, we conclude that I = I ′ ς ⊕ kv, and hence dim I = dim I ′ ς + 1. Since I ′ ς ⊆ I ς and dim I ς = dim I − 1, we must have I ′ ς = I ς , and hence I ς is an ideal of A. On the other hand, let us assume that V ′ e i = {0}, and let w ∈ V ′ be such that V ′ e i = kw; as above, we must also have Dw = kw. In this situation, we
we may repeat the argument above to conclude that V ′′ ⊆ V ∩ J ς = V ς . Therefore, V ′′ = {0}, and so V = kv ⊕ kw.
Since k = i (otherwise, v = ve i ∈ Ve i = kw), we have vu = 0, and thus
. Let α ∈ k × be arbitrary, and choose t ∈ T such that t −1 u ′ = αu ′ and vt = v; notice that, since i = k, it is enough to choose t ∈ T satisfying te i = α −1 e i and te k = e k . It follows that
and thus the restriction ς S of ς to S is a (smooth) character of S which is constant on S \ {1} (because ς is T -invariant). Therefore, ς S must be the trivial character, and thus ς([1 + v, 1 + u]) = 1. It follows that 1 + v ∈ 1 + J ς , and so v ∈ V ∩ J ς = V ς .
Since kv = V and Dv = vD = kv, we must have kv = {0}, a contradiction.
The proof is complete.
We are now able to prove the following crucial result. 
Proof. We start by observing that [Q, Q] ⊆ ker(ς). Indeed, since dim L = J n + 1, there exists a ∈ L such that L = J n ⊕ ka, and hence Q = (1 + ka)N . Since In order to prove properties (i) and (ii), we consider the group homomorphism ϕ ς : P → Q • as defined in Lemma 8; we recall that ϕ ς (P ) ⊆ N ⊥ and that ker(ϕ ς ) = 1+J ς where J ς is an ideal of J satisfying J 2 ⊆ J ς and dim J ς ≥ dim J −1. On the one hand, (i) follows because P ϑ ′ = ker(ϕ ς ) = 1 + J ς for all ϑ ′ ∈ Q • such that ϑ ′ N = ς. On the other hand, let us assume that P ϑ = P (hence, ker(ϕ) = P and J ς = J ), and let x ∈ P be such that ϕ(x) ∈ Q • is not identically equal to 1. Let a ∈ J be such that x = 1 + a; then, Eq. ( †) implies that ϕ ς (1 + αa) ∈ ϕ ς (P ) = N ⊥ for all α ∈ k. Since N ⊥ ∼ = (Q/N ) • and Q/N ∼ = 1 + (L/J n ) ∼ = k + , it is straightforward to show that the mapping α → ϕ ς (1 + αa) defines group isomorphism k + ∼ = N ⊥ (we recall that k is a self-dual field). In particular, it follows that N ⊥ = {ϕ ς (1 + αa) : α ∈ k}, and so the map ϕ ς : P → N ⊥ is surjective and P/P ϑ ∼ = N ⊥ ∼ = k + .
To conclude the proof of (ii), let ϑ ′ ∈ Q • be such that ϑ ′ N = ς, and consider the character ϑ ′ ϑ −1 ∈ Q • . It is obvious that ϑ ′ ϑ −1 ∈ N ⊥ , and thus there exists α ∈ k such that ϑ ′ ϑ −1 = ϕ ς (1 + αa). If we set g = (1 + αa) −1 , then
and hence ϑ ′ (x) = ϑ(gxg −1 ) for all x ∈ Q, as required.
Proposition 4. Let ς ∈ N • be P -invariant, and let ϑ ∈ Q • be such that ϑ N = ς. Then, G ϑ is the unit group of some subalgebra of A.
Proof. In the case where ϑ is P -invariant, the result follows by Proposition 2: hence, we assume that P ϑ = P . Let D be the diagonal subalgebra of A, and let T = D × be the diagonal subgroup of G. By Proposition 1, we know that T ς is the unit group of some subalgebra D ς of D; similarly, T ϑ is the unit group of some subalgebra D ϑ of D.
Since ς is P -invariant, we see that the G ς of ς is the unit group of the subalgebra A ς = D ς ⊕ J of A; indeed, we have G ς = T ς P . Let J ς be the ideal of J defined as in Lemma 8, and note that 1 + J ς = P ϑ is the centraliser of ϑ in P (by the previous proposition, because ϑ N = ς. Since ς is G ς -invariant, Lemma 9 implies that J ς is an ideal of A(ς), and thus T ς P ϑ is the unit group of the subalgebra B ς = D ς ⊕ J ς of A ς (and hence of A). We also observe that G ϑ ⊆ G ς (because ϑ N = ς), and that T ϑ P ϑ is a normal subgroup of G ϑ (but not necessarily the unit group of a subalgebra of A).
Since J ς is an ideal of J with dim J ς = dim J − 1, there exists a ∈ J such that J = J ς ⊕ ka and Da = aD = ka (see Lemma 2) . Since G ϑ ⊆ G ς = T ς P and P ϑ ⊆ G ϑ , every element g ∈ G ϑ is uniquely written as a product g = tx for t ∈ T ς and x ∈ 1+ka. In fact, for every t ∈ T ς , there is a unique element x(t) ∈ 1+ka such that tx(t) ∈ G ϑ . To see this, let t ∈ T ς be arbitrary. Then, ϑ t ∈ Q • satisfies (ϑ t ) N = ς t = ς, and thus Proposition 3 implies that ϑ t = ϑ x for some x ∈ P . Therefore, ϑ tx −1 = ϑ, and hence tx −1 ∈ G ϑ . Since P = (1 + ka)(1 + J ς ) = (1 + ka)P ϑ and P ϑ ⊆ G ϑ , we have x −1 ∈ x(t)P ϑ for some x(t) ∈ 1 + ka, and so ϑ tx(t) = ϑ xx(t) = ϑ;
notice that x(t) is uniquely determined by t ∈ T ς .
Suppose that T ς = T ϑ . If this is the case, then ϑ x(t) = ϑ tx(t) = ϑ, and thus
x(t) ∈ G ϑ ∩ P = P ϑ for all t ∈ T ς . By the above, we conclude that G ϑ = T ς P ϑ is the unit group of the subalgebra B ς of A. Therefore, we henceforth assume that
For every t ∈ T ς , let α(t) ∈ k be such that x(t) = 1 + α(t)a. It is straightforward to check that the mapping tT ϑ → α(t) defines an injective map α : T ς /T ϑ → k.
Since T ς = (D ς ) × of D, the stabiliser (T ς ) a = {t ∈ T ς : t −1 at = a} is the unit group of the subalgebra (D ς ) a = {d ∈ D ς : da = ad} of D ς . Moreover, the mapping d → da − ad defines a surjective k-linear map D ς → ka with kernel (D ς ) a , and so dim(D ς ) a = dim D ς − 1. On the other hand, it is straightforward to check that α induces (by restriction) a group homomorphism
is, either the trivial group, or the direct product of a finite number of copies of the multiplicative group k × (because (T ς ) a and T ϑ ∩(T ς ) a are unit groups of subalgebras of D), we must have (T ς ) a = T ϑ ∩(T ς ) a ; indeed, if we choose a root of unity ζ ∈ k × of order coprime to the characteristic of the residue field of k, then we must have α(ζ) = 0. Therefore, we conclude that (T ς ) a ⊆ T ϑ , and so (D ς ) a ⊆ D ϑ D ς . Since dim(D ς ) a = dim D ς − 1, it follows that D ϑ = (D ς ) a , and thus T ϑ = (T ς ) a and T ς /T ϑ ∼ = k × .
Since P ϑ is an ideal subgroup of G ς and P ϑ ⊆ G ϑ ⊆ G ς , it is also a normal subgroup of G ϑ , and thus the mapping t → (tx(t))P ϑ defines a bijection β :
Since P is a normal subgroup of G, we have
and so β(tt ′ ) = β(t)β(t ′ ) for all t, t ′ ∈ T ς . It follows that β is a group isomorphism, and hence G ϑ /P ϑ is an abelian group. Therefore, we conclude that T ϑ P ϑ /P ϑ is a normal subgroup of G ϑ /P ϑ , and thus T ϑ P ϑ is a normal subgroup of G ϑ . Since β(T ϑ ) = T ϑ P ϑ /P ϑ , we see that β induces naturally a group isomorphism
Now, for every t ∈ T ς , we have tat −1 ∈ ka, and hence there is λ(t) ∈ k × such that tat −1 = λ(t)a. The mapping t → λ(t) defines a group homomorphism λ : T ς → k × with ker(λ) = (T ς ) a = T ϑ . On the other hand, since J = J ς ⊕ ka, for every x ∈ P , there exists µ(x) ∈ k such that x ∈ (1 + µ(x)a)P ϑ , and the mapping x → µ(x) defines a group homomorphism µ : P → k + with ker(µ) = P ϑ . Since every element g ∈ T ς P is uniquely written as a product g = tx for t ∈ T ς and x ∈ P , we may define a map ψ : T ς P → GL 2 (k) by the rule
for all t, t ′ ∈ T ς and all x, x ′ ∈ P , which means that ψ is a group homomorphism. It is clear that ker(ψ) = T ϑ P ϑ , and so ψ induces a group isomorphism ψ : T ς P / T ϑ P ϑ → M 2 where M 2 denotes the mirabolic subgroup
Finally, consider the image M ′ 2 = ψ G ϑ / T ϑ P ϑ ; recall that G ϑ is a subgroup of T ς P . Since there are group isomorphisms
moreover, notice that the matrix ψ(tx(t)) is semisimple for all t ∈ T ς \T ϑ . Therefore, since M ′ 2 is commutative and consists of semisimple matrices, there exists x ∈ GL 2 (k) such that
for all t ∈ T ς ; in fact, we may choose x ∈ M 2 . Let g ∈ T ς P be such that ψ(g) = x.
Then,
and thus gG ϑ g −1 = T ς P ϑ is the unit group of the subalgebra B ς of A. It follows that G ϑ is the unit group of the subalgebra g −1 B ς g of A, and this completes the proof.
We are now able to prove our main result.
Proof of Theorem 1. We proceed by induction on dim A, the result being obvious if dim A = 1. Therefore, we assume that dim A ≥ 2, and that the result is true whenever A ′ is a subalgebra A with dim A ′ dim A.
Let V be an arbitrary irreducible smooth G-module, and let V ′ be an irreducible quotient of Res G P (V ) (the existence of which is guaranteed by Lemma 6) . In spite of Proposition 2, we may assume that dim V ′ ≥ 2. In this situation, there is an integer m ≥ 2 such that J m = {0} and J m+1 = {0}; notice that J 2 = {0} (otherwise, P = 1 + J is abelian, and hence V ′ must be one-dimensional). Since 1 + J m lies in the centre of P , Schur's lemma implies that 1 + J m acts on V ′ by scalar multiplications, and thus we may choose the smallest positive integer n for which there exists ς ∈ (1 + J n ) • such that gv ′ = ς(g)v ′ for all g ∈ 1 + J n and all v ′ ∈ V ′ .
We note that, since V ′ is an irreducible smooth P -module with dim V ′ ≥ 2, we must have n ≥ 2; furthermore, since [1 + J , 1 + J n−1 ] ⊆ 1 + J n , the minimal choice of n implies that ς is not identically equal to 1 (otherwise, Schur's lemma would imply that the subgroup 1 + J n−1 acts on V ′ by scalar multiplications). Since J n−1 and J n are ideals of A, Lemma 2 implies that J n−1 = L 1 + · · · + L t for some ideals L 1 , . . . , L t of A satisfying J n ⊆ L i ⊆ J n−1 and dim L i /J n = 1 for all 1 ≤ i ≤ t.
By the minimal choice of n, we must have ς[1 + J , 1 + L i ] = {1} for some 1 ≤ i ≤ t (otherwise, we would have [1 + J , 1 + J n−1 ] ⊆ ker(ς), and hence 1 + J n−1 would act on V ′ by scalar multiplications).
Let N = 1 + J n , and let Q = 1 + L where we set L = L i . The argument used in the proof of Lemma 6 shows the smooth Q-module Res P Q (V ′ ) has an irreducible quotient V ′′ . Since [Q, Q] ⊆ ker(ς), Schur's lemma implies that V ′′ is one-dimensional, and thus it affords a character ϑ ∈ Q • . [Notice that the extreme case where n = 2 and dim J = dim J 2 + 1 cannot occur; indeed, in this situation, we must have Q = P , and hence V ′′ = V ′ which contradicts the assumption dim V ′ ≥ 2.] In particular, we have V ′ ϑ = {0}, and thus V ϑ = {0} (by [1, Proposition 2.35] because P is an ℓ c -group). By Lemma 5, V ϑ is an irreducible G ϑ -module and we have V = c-Ind G G ϑ (V ϑ ). Since N acts on V ′ (hence, on V ′′ ) via the character ς, we must have ϑ N = ς, and thus G ϑ is the unit group of some subalgebra A ′ of A (by Proposition 4). Since ϑ([P, Q]) = ς([P, Q]) = {1}, we must have P ϑ = P , and thus G ϑ = G. Therefore, we have dim A ′ dim A, and thus it follows by induction that there exists a subalgebra B of A ′ such that V ϑ ∼ = c-Ind G ϑ H (W ) where H = B × is the unit group of B and W is a one-dimensional H-module. By transitivity of c-induction (see [1, Proposition 2.25(b) ]), we conclude that
as required.
We conclude the present work with two remarks concerning with admissibility and unitarisability of an arbitrary irreducible smooth G-module. On the one hand, we aim to establish the following result.
Theorem 2. Let V be an irreducible smooth G-module, and let B be a subalgebra of A such that V ∼ = c-Ind G H (W ) where H = B × is the unit group of B and W is a one-dimensional smooth H-module. Then, the following are equivalent.
.
v ∈ V τ , it follows that Res Gτ T (V τ ) is irreducible, and hence V τ is one-dimensional (by Schur's Lemma); in particular, we conclude that H = G τ and that W ∼ = V τ .
On the other hand, since V ∼ = c-Ind G H (W ) and since J 2 ⊆ J 0 , we see that xv = τ (x)v for all x ∈ 1 + J 2 and all v ∈ V . Since dim V ≥ 2, the proof of Theorem 1 guarantees that there exists an ideal L of A satisfying J 2 ⊆ L ⊆ J and dim(L/J 2 ) = 1, and such that
for some smooth character ϑ ∈ (1 + L) • . By the construction of L, it is clear that L ⊆ J 0 , and thus J = J 0 +L (because dim J 0 = dim J −1); furthermore, it follows from Proposition 3 that ς = ϑ 1+J 2 is a P -invariant smooth character of 1 + J 2
is an ideal of A with dim J ς = dim J − 1 (see also Lemma 8) . We claim that
For the reverse inclusion, let t ∈ T be arbitrary, and recall from Proposition 3 that the P -orbit ϑ P ⊆ (1+L) • of ϑ consists of all ϑ ′ ∈ (1+L) • which satisfy (ϑ ′ ) 1+J 2 = ς.
In particular, since ϑ(txt −1 ) = τ (txt −1 ) = τ (x) for all x ∈ 1 + J 2 , we conclude that ϑ t = ϑ x for some x ∈ P ; indeed, since J = J 0 + L, we have P = P 0 (1 + L), and thus ϑ P = ϑ P0 . It follows that ϑ t = ϑ x for some x ∈ P 0 , and thus tx −1 ∈ G ϑ . Since G ϑ ⊆ T P ϑ , we conclude that x −1 ∈ P ϑ , and thus ϑ t = ϑ x = ϑ, that is, t ∈ G ϑ . Now, let σ ∈ (P ϑ ∩ P 0 ) • be the restriction of τ to P ϑ ∩ P 0 , and note that
Since xv = σ(x)v = τ (x)v for all x ∈ P ϑ ∩ P 0 and all v ∈ (V ϑ ) σ , we conclude that every vector subspace of (V ϑ ) σ is (P ϑ ∩ P 0 )-invariant, and this implies that the restriction Res
Since T is an abelian ℓ-group, Schur's lemma implies that the smooth (G ϑ ) τ -module (V ϑ ) σ is one-dimensional. Since G ϑ = T P ϑ is the unit group of a proper subalgebra of A, we may use induction to conclude that the smooth G ϑ -module V ϑ is an admissible.
[We note that (V ϑ ) σ ∼ = Res H Hς (W ) where H ς = T (P ϑ ∩P 0 ).] Since G ϑ = T P ϑ , we see that ϑ G = ϑ P = {ϑ ′ ∈ (1 + L) • : (ϑ ′ ) 1+J 2 = ς} is a closed subset of (1 + L ′ ) • , and thus it follows from [14, Théorème 4 ] that the smooth G-module V ∼ = c-Ind G G ϑ (V ϑ ) is admissible, as required.
In the next step we establish that (i) implies (ii).
Step 3. Assume that T ⊆ H. Then, the smooth G-module V is admissible.
Proof. As in the previous proof, we argue by induction on the dimension of A, the result being obvious in the case where A is one-dimensional; indeed, the result is obvious in the case where V is one-dimensional, which clearly includes the case where the k-algebra A is semisimple (because, if this is the case, then A must be commutative). Therefore, we may assume that dim V ≥ 2; in particular, the Jacobson radical J = J (A) of A must be non-zero. 
is an irreducible smooth G ′ -module; indeed, by the transitivity of compact induction, we see that V ∼ = c-Ind G G ′ (V ′ ). Since A ′ is a proper subalgebra of A, we know by induction that V ′ is admissible.
If V ′ is one-dimensional, then it follows from Step 2 that V is admissible; thus, we may assume that dim V ′ ≥ 2. In this situation, we repeat step-by-step the proof of Theorem 1 to construct an ideal subgroup Q = 1 + L where L J ′ is an ideal of A satisfying J n ⊆ L ⊆ J n−1 and dim(L/J n ) = 1 for a suitable integer n ≥ 2, and such that
ϑ ) for some smooth character ϑ ∈ Q • . Indeed, the proof of Theorem 1 shows that
On the one hand, we note that there are isomorphisms 
which is precisely what we claimed.
We finish the paper with the following result concerning the unitarisability of an arbitrary irreducible smooth G-module.
Theorem 3. Let V be an irreducible smooth G-module. Then, there is an isomorphism of G-modules V ∼ = V ′ ⊗ V ′′ where V ′ is a unitarisable irreducible smooth G-module and V ′′ is a one-dimensional smooth G-module, and where the G-action on V ′ ⊗ V ′′ is given by g(v ′ ⊗ v ′′ ) = (gv ′ ) ⊗ (gv ′′ ) for all g ∈ G, all v ′ ∈ V ′ and all v ′′ ∈ V ′′ .
Proof. Let B be a subalgebra of A such that V ∼ = c-Ind G H (W ) where H = B × is the unit group of B and W is a one-dimensional smooth H-module; moreover, let τ ∈ H • be the smooth character of H afforded by W . Since B is a split basic k-algebra, the group H decomposes as the semidirect product H = SQ where S is the unit group of the diagonal algebra of B and where Q is the ideal subgroup of H which corresponds to the Jacobson radical of B; notice that Q is a normal subgroup of H, and that S is isomorphic to a finite direct product of copies of k × .
It is well-known that k × ∼ = O × ×Z where O denotes the ring of algebraic integers of k (see, for example, [13, Proposition 5.8]), and thus every smooth character of k × can be naturally identified with a product α × β where α is a smooth character of O × and β is a smooth character of the infinite cyclic Z. Since S is isomorphic to a finite direct product of copies of k × , it follows that S decomposes as a direct product S = S ′ × S ′′ of a compact subgroup S ′ and a discrete subgroup S ′′ which is isomorphic to the direct product of a finite number of copies of Z; in particular, every smooth character of S is naturally identified with a product σ ′ × σ ′′ where σ ′ is a smooth character of S ′ and σ ′′ is a smooth character of S ′′ . Since every smooth character of a compact group is unitary, we conclude that there exists a smooth character σ ∈ S • such that the product στ S ∈ S • is an unitary character of S.
Let σ * ∈ H • be defined by σ * (sx) = σ(s) for all s ∈ S and all x ∈ Q; we note that (σ * τ )(sx) = (στ S )(s)τ (x), s ∈ S, x ∈ Q, and thus σ * τ is a unitary character of H (because Q is an ℓ c -group, and hence τ Q is a unitary character of Q; see [2, Lemma 4.9]). Let W ′ ∼ = C σ * be a one-dimensional smooth H-module which affords the character σ * , and consider the tensor product W ′ ⊗W . We note that W ′ ⊗W is one-dimensional and affords the unitary character σ * τ ∈ H • ; hence, the smooth H-module W ′ ⊗ W is unitarisable. We define V ′ to be the c-induced smooth G-module
and claim that V ′ is unitarisable. To see this, we observe that there is a chain of subgroups H = H 0 ⊆ H 1 ⊆ · · · ⊆ H n = G such that H i−1 is normal in H i
